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Finite Elements

Differential Equations (physical problem):

1-dim: Let’s assume that u(x) is a magnitude (temperature, displacement, etc.)

—d du :
o (al (gj)E) +ao(x)u = f(x), 1D Model Equation
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Finite Elements

Differential Equations (physical problem):

1-dim: Let’s assume that u(x) is a magnitude (temperature, displacement, etc.)

;—j ( 1 (z )jz) +ao(z)u = f(z), 1D Model Equation

2-dim: Now u(x, y) is a magnitude (temperature, etc.)

J ou, ou\_ 0 Ou | OU | e f
83: ﬂ“@ﬂ: 112 8‘y (5'J ﬂ318$ 122 8y ool = J,

2D Model Equation
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Finite Elements

Differential Equations (physical problem):

1-dim: Let’s assume that u(x) is a magnitude (temperature, displacement, etc.)

ao(z)u = f(x), 1D Model Equation

2on Order Terms

2-dim: Now u(x,y) is a magnitude (temperature, etc.)

2D Model Equation

© Numerical Factory



Finite Elements

Procedure :

* First Step: To set up and express the equation

at each element (element linear eq. system)
( 2x2 or 3x3)

e Second Step: To assemble the contribution of

each element (global linear eq. system)
( NxN)

e Third Step: To solve the linear eq. system

© Numerical Factory
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Finite Elements

Finite Elements ?
o
st@ize in elements>_ Meshing the domain

Stp2: Write the variational equations

Stp3: Build the Linear System
Impose the BC

Stp4: Get nodes solution

Stp5: Extent solution to the Domain
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Finite Elements

Element decomposition (meshing):

1-dim: (a line)
% 0% 03 0*
O O O O O
n n; n3 Ny

© Numerical Factory
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Finite Elements

Element decomposition (meshing):

1-dim: (a line)
% 0? 03 04

O O O
n; ns

nq

2-dim: (a 2D region)

© Numerical Factory
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Finite Elements 1D

* For 1D domains, generically, the elements are
defined as segments Q° = [x;, x;,1] that covers de
complete domain Q.

Linear Element NG ﬂ
O O
1 2

(local) Nodes

Quadratic Element Q¢ ﬂ
O O O
1 2 3
(local) Nodes

© Numerical Factory



Finite Elements 1D

Let’s assume that u(x) is a magnitude
(temperature, displacement, etc.) that we want
to compute in the nodes n; of one element ()°

the usual FEM notationis: | u(n;) = u;

For the linear case:

(° 0

© Numerical Factory
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1D Elements Assembly

When we consider the total domain, nodes of
consecutive (connected) elements must be identify in
order to obtain continuous solutions:

e—1 _ ,,e e _ ,,e+l
Uy = = Uy, Uy= Uq
For the linear case (N =2):
Qe—l ,Q,e Qe+1 QO
O <o °> @ o -0
gt =g g = ugt
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* Global enumeration: Once we have identify
the connected nodes, we rename them using
a global enumeration.

Ot 02 03 04

O O
Ny

O O O
n n; n3

Global Nodes

© Numerical Factory



1D Elements Assembly

* Connectivity Matrix: Says the global nodes
attached to each element.

* Example: Node numbers

l

¢===m One row for each element

1 2

12 3
elem = 3 1
4 5

0l 0% O3 04
O O O O O
ny n; ns Ny ns
Global Nodes

© Numerical Factory
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1D Elements Assembly

 Example: Consider a bar of length L = 8. Subdive it in 4
elements and give their coordinates.

Matlab
N=4:; %number of divisions = number of elements
L =8; %total length
coordNodes = 0: L/N: L ; %compute the coordinates of the 5 nodes
numNod = size(coordNodes,2); numElem = N;
% alternatively: coordNodes=linspace(0,L,N+1)
for i=1: numElem
elem(i,:)=[i, i+1];
end

© Numerical Factory
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* Stiffness Matrix (K): Is the matrix of the linear
system that allows us to compute the magnitude

values on each node.

Element Stiff Matrix (K€): Is the one related to the physical problem
stated for each element (this is the thought part of the method).

Because it is associated to each element, its size agrees with the
number of nodes in each element.

1-dim linear element (two nodes) === K€ is a 2x2 matrix

1-dim quadratic element (three nodes) === K¢ is a 3x3 matrix

2-dim linear Triangular element (three nodes)=——= K¢ is a 3x3 matrix
2-dim linear Quadrilateral element (four nodes) === K¢ is a 4x4 mat

© Numerical Factory
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* Notation
1D linear elements:
kS, k§
=(3 1)
k31 k3
1D quadratic elements
ki, kix ki3
K¢ = k§1 k§2 k§3
k31 ks, k33

Usually K€ are symmetric matrices

© Numerical Factory



1D Elements Assembly

* Global Stiff Matrix (K) : In a generic way, for
a 1dim problem, the size of K is

numNod x numNod
Example:

© Numerical Factory
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1D Elements Assembly

* Assembly . 0l 02 03 0*

7\ 7\

\ & 4 ) 4

n n; n3
elem=1::
4 5

K1=<k%1 k%z)—. K11 k12| ki3 Kig k15\

1 1
k21 k22

20
O

K=\ k31 ki3 ki3 kss kss

© Numerical Factory
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1D Elements Assembly

* Assembly . 0l 02 03 0*

7\ 7\

\ & 4 ) 4

n n, ns
elem=1|: :
4 5

K1=<k%1 "‘%2)—» /kh kio| kiz  kig k15\

1 1
k21 k22

20
O

K=1|ksy ks, kizz k3s kss

© Numerical Factory
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1D Elements Assembl

* Assembly . 0l 02 03 0*

nq np ni Ny ng
elem =
4 5

Contribution of
two elements

ko = k%z + k%1

© Numerical Factory
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1D Elements Assembl

* Assembly . 0l 02 03 0*

nq np ni Ny ng
elem =
4 5
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1D Elements Assembly

* Assembly ol 02 03 04
O

O O O O
1 2 n; ns
elem=! P ’

K =| ks |ksy |K3z3 Kzq kss

\k41 k42 k43 k44 k45/
k51 k52 k53 k54 k55‘

ny

The rest of the elements in K are zero

© Numerical Factory
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1D Elements Assembly

* recovering the previous example: Suppose that for each

element its local Stiff matrix is constant (we’ll see later how
to compute it)

Ke — (kfl kfz) —C. ( 1 —1)
k31 k3, -1 1
Assembly 1D
Ke=C*[1,-1;-1,1]; %local stiff matrix
K=zeros(numNod); %initialize the global Stiff Matrix
for e=1: numElem

rows=[elem(e,1); elem(e,2)];
colums= rows;

K(rows,colums)=K(rows,colums)+Ke; %assembly
end

—Q o 0%, 0° , 0,
© Numerical Factory n n, ns ny Ns
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1D Elements Assembl

* Exercise: Consider the problem of the previous bar,
but using now quadratic elements.

Modify the previous steps in order to obtain the
assembly matrix when only two elements are taken.

1 1
e (202 T c—) ki1 Kiz Kiz| kis kis
ke=|2 16 2 " 1k I I
1 2 4 ky, kyp 23| Ko4 Kog
= |lks1 K3z |ks3| k3a ks3s
k41 k42 k43 k44 k45/
kKs1 Ksy |ksz Ksa Kss
0l 02
© Numerical Factory %1 \nlz \nIS \7':4 %5



2D Elements Assembly

Example of local and global nodes enumeration

for linear triangular elements 6

Connectivity matrix

o

|
W N Ul =
U1 AW N
QN UIN W

Hint: Notice that the local enumeration must be
counter-clockwise in order to preserve orientation

© Numerical Factory
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2D Elements Assembly

* For linear triangular elements

If u(x) is a 1D magnitude (temperature)
For each element the Stiffness Matrix is
a 3x3 matrix

Exercise: do the assembly process for this example.

© Numerical Factory



2D Elements Assembly

For linear triangular elements

If u(x) = (uy,uy) is a 2D magnitude
(displacements, fluid velocities, etc.)
the Stiffness Matrix is 6x6 matrix.

/uxl\
u

e e y1
ki1 - kie

uxz
K¢ =| : : , u =

ke, ... k€
61 66 \uxB/

Question: Which are the dimensions for quadrilaterals?

© Numerical Factory
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Meshing 2D domains

 Meshing a general domain is a difficult problem.
We'll not study it in depth.
e Two main concerns when meshing a domain are:

— Good fitting of the domain
— Good Numerical properties (stability)

© Numerical Factory
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Meshing 2D domains

e Classification:

— Structured Mesh:

are identified by regular connectivity

— Unstructured Mesh By AVay,

© Numerical Factory
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Meshing 2D domains

Aspedt ratio = 1 Hi.' dspect ratio triangle
q y.

— Aspect Ratio: It is the ratio of

longest to the shortest side in an element.
Best = 1

Acceptable < 5 ” b Q

VERY POOR

© Numerical Factory
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Meshing 2D domains

Mesh quality:
— Skewness:

Another common measure of quality is based on equiangular skew.

Equiangle Skew = max

where:

9 max
9 min

amam - 9& 93 - emin
180—-6, 6,

0,..z is the largest angle in a face or cell,

0,.in is the smallest angle in a face or cell,

6. is the angle for equi-angular face or cell i.e. 60 for a triangle and 90 for a square.

Value of 0-0.25 | 0.25-0.50 | 0.50-0.80 ' 0.80-0.95 0.95-0.99 | 0.99-1.00
Skewness
Cell Quality | excellent good acceptable poor sliver | degenerate

© Numerical Factory



Mesh quality:

— Inscribed-Circumscribed ratio: v

rm (b+c—a)(c+a—0b)(a+b—c)
q:2 p—
T out abc

where a, b, c are the side lengths.
An equilateral triangle has ¢ =1

As a rule of thumb, if all triangles have g > 0.5 the
results are good.

© Numerical Factory
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Meshing 2D domains

* Mesh refinement: More elements where
physical features are changing

S A N
A e

ANV

2D planar shell - final grid 2D planar shell - contours of pressure

final grid
© Numerical Factory
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2D-Finite Elements

Finite Elements

Stpl: Discretize in elements ?

o
St@he variationa@s ——> Weak form

Stp3: Build the Linear System
Impose the BC

Stp4: Get nodes solution

Stp5: Extent solution to the Domain

© Numerical Factory



2D-Model Equation o

For 2D problems we will use the model equation. A 2on
order PDE for u = u(x,y) (primary variable)

0 ou ,  Ou\_ 0 Ou | OU | i f
53: ﬂllam 112 3y 5J 121 7 (122 3y oo = |,

Defined on a 2-dim domain , with al-j(x, y) and f(x,y)
known functions.

© Numerical Factory



2D-Model Equation

* Notation: In many books you can find the expressions
du Ju

U= if u=
aul auZ ul(x, y)
. , = di — , if — ( )

V- (uy,uy) =div(u) Fw + 3y if u 1, (x, )

du du

Vu = grad(u) = (6x'6y>' if u=u(x,y)
 Example: Poisson equation
—V-(aVu) =f

ifa=const, —aV-Vu)=—-a Viu = —aAu = f

© Numerical Factory Laplacian Operator
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2D-Model Equation

* Poisson equation: It corresponds to the model

equatlon W|th —% (a-u% + ng_;) — % (a-m% + azz%) + aoou = f,

A1 =0z = A, Q13 =041 = Agg = 0

—V-(aVu) =f
2 (W2) -2 (o)
“9z \"3z) "3y \"ay) =

0°u 0%u

© Numerical Factory



* Poisson Equation:

Table from
Reddy’s
FEM book
McGraw-Hill

© Numeri

Some examples of the Poisson equation —V - (kVu) =1
Natural boundary condition: &k du/on + B(u — u.) = g. Essential boundary condition: 1 = i
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Field of application

Primary
variable
r

Material
comstant
k

Source
variahle
f

Secondary variables

Bu@

qsar a})

1. Heat transfer

2. Irrotational flow of
an ideal fluid

3. Groundwater flow

d. Torsion of members with
constant cross-section

5. Electrostatics
6. Magnetostatics

7. Transverse deflection of
elastic membranes

Temperature T

Stream function

Velocity potential ¢

Piezometric head ¢

Stress functon W

Scalar potential ¢
Magnetic potential ¢

Transverse
deflection u

Conductivity &

Density p

Density p

Permeability K

k=1

¢ = shear modulus

Diglectric constant =

Permeability u

Tension T in

membrane

Heat source {

Mass production
o (normally zero)

Mass production
o (normall zero)

Recharge
(or pumping, —Q)

f=2

& = angle of twist per
unit length

Charge density p

Charge density p

Transversely
distributed load

o _

Heat flow g [comes from

conduction k 3T /5n and

convection k(T — T,,)]
Velocities:

o _

3y
ax 4

v, 3y

¢ _
ax dy Y
Seepage g =k g
Velocities:

aep

=y V=
aw

GEE— —EFJ,.z

v
g— =
G ay H.\.'Z
Displacement flux
density D,

3¢
3y

Mapnetic flux
density B,

Normal force g

........
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Weak Formulation

* Using a general weight function w = w(x, y), we
write the integral expression:

/ _9 ﬂ..%+ﬂ. Ou) _ 9 a-%+u Ou + agou — f| dxdy =0
ggx,y) Oz “G;r u@y Dy Mc‘}‘;r Mc‘}y 00U ay = u.

In 2D, we have the divergence theorem (from Gauss)

/divddmy:/ G- idl,
Qk a0k

90 is the boundary of the domain QF, and 7 is the normal
vector to d() (pointing external)

© Numerical Factory
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Weak Formulation

 We need to introduce some notation, let’s say

Jdu
Fi = a1 3% + a2,

and .
F> = az 3% + azn 3% 7y

Derivating now the products wF1 and wF, we get:

OF) B Ow 1, OF5 B Ow s,
_LUE 8$F1 - Oz (WF), v oy 8? F2 = oy (WF3),

Then, the first part of the weak form says

/ W (8F1 OF; ) dzdy = / (8@ Fi + 8—ng - i(ﬁuFl) - i(ng)) dz dy .
QF Jy

ox dy ox dy ox

© Numerical Factory



Weak Formulation

* The last two terms are the divergence terms. Therefore,

Ow 8u+ ou _|_af.u 8u+ ou d duy
oz a”am alzc‘?? vy agl@m &zzay v

—/- 9u L 02 O0u | 4, 2% d,
. W [Ty aii a a9 a? ny asi a ago — a?

where T* = 9QF.
For a triangle is: |

=1

I'* positive oriented o/ , Xorbeees

S

= (nz,n,) = (cosa,sin a)

© Numerical Factory
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Weak Formulation

 The terms associated to the secondary variables are:

. du ou ou Ou ayp Q2
n = N, 6118— + 10— a7 + 1y (1218— +aoo— | =

dy az; as9

SRER
S——
=

Finally using this definition we rewrite the weak form:
Ow ou ou

ow ou ou
/Qk l@ (0115 + a2 — 2y ) + 6_3; (6121% + Gzza—y) + Qppuw — Wf] dxdy — /rk wgndl = 0.

* Now using the shape functions w = ¢f (z,y),i=1..

T
and u(z,y)= Zu’“e,//’“m) we get:
0 (s g s2) L0t (3 ),
/Qk L—\“HZ Jay} —\‘1212 J@ J@TJ

+ agohf Y ubpf —f f| dedy — f Vrg.dt =0, i=1...n.
© Num j=1 rk
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Weak Formulation

* Grouping the unknown terms uff

AT ok Tl oY}
/Qk [8?’[)" (ani + a9 %) + ov, ( 2li+62i) +aoo¢k¢k] d$d7] Uy =

Ox dy Jy Ox Jy

— fi/)fdmdy—/ Vrgdl =0, i=1...n.
QF Tk

: noopekk _ ko Ok 5 _
or, as a linear system >_,;—; K;juj = F/ +Q7,i=1...n.

Ok APk Yk oL APy Pk
Kf; :/ [% (011% —HIIZW + % (1215 -l—azza—J +GOO¢ ?@ dx dy,
Qk

FF= [ fotdedy, QF = / gutlde.
Fk

Qk

© Numerical Factory
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Weak Formulation

. ou ou Ju Ju
n = Ny Gudm + a1o— a7 + Ty lr-121(9 + Q22— 2y

Notation:
u = u(x,y) is named primary variable

q,, 1S named secondary variable

Boundary Conditions (BC):
uy, = u(xy,) is an essential BC (fix the primary variable)
dn = (o is a natural BC (fix the secondary variable)

© Numerical Factory
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Weak Formulation

Notation from the global system of equations:
(KMt = F* + Q"

Here we will use

[Kk] _ [Kﬁc,DD] + [Kk:?ll] + [Kk,IZ] + [Kﬁc,Zl] + [Kk:,ZZ]j

with k 9k
ok O’
kE,00 E k k,11 i J
K = /ﬂk aoo ¥; Yidrdy , K = /Qk ail — == dz dy ,
oYk Oyt Ak oYk
K,f-’lg = / aio & w" dx dy , Kf-’gl —/ as Vi qu dx dy ,
J QF dxr Oy J Ok dy Ox

Al Yk
K% = L—Ldzdy.
ij /Q;, a2 Dy Oy T ay

© Numerical Factory
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Computing the Integrals

To compute terms like these ones:

K.’?’-’OO—[ aoofz,bf“*z,b%d:}::d? KrH —/ aii 0y ¢ ¢“’ dx dy ,
Y Ok v ’ Y Ok Jxr Ox

we need to compute numerically these 2D integrals. For that we
will use Gauss integration methods that will be introduced later.

For some easy cases there are some explicit formulas that we
present next.

© Numerical Factory
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Computing the Integrals: Triangles

* If we consider constant coefficients for the model equation
In the case of a general linear triangular element vy

oyY; 1
K = a1 ﬂ ¢ (x, 3’) (X y)dxdy = a11mﬁiﬁj Ok

lJ

%1
ij

ok oYy 1
K’.‘:lz = a4y jj l (x, y)—(x y)dxdy = a12 AL :Biyj
Qk

If the vertices of the triangle

k21 _ )
Kij™ = a2 7~ 44, vib; are v; = (x;, yl) we define:
,81 - — Vi
¥ - 1
K?jzz az> ff > (x, }’) ! (x y)dxdy = ay; m)’ﬂ/j Vi = _(x] - xk)
Q (i,j, k) cyclic permutations

2 1 1
Ay
KZOO Qoo fJ lljl (x :V)IIJ] (x y)dXdy = Qoo 7= 12 (1 2 1) Ak 1S triang]e area

1 1 2
A
Fk _ fk k <1>
© Numerical Factory 3 1
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Computing the Integrals: Triangles

* In the case of a general linear triangular rectangle element
for the Poisson’s Equation

v
(a1 =az; =c¢, ajp; =az; =agy =0) ¢
Qk
b
K* = >ah —b%* a*+b* —a* :
a O _az az a Uy

F,C:kakG):fkab(})
3 \1 6 \4
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Computing the Integrals: Rectangles

* If we consider constant coefficients for the model equation

In the case of a rectangular quadrilateral

[ﬁrk,ll] _ bﬂ'!fl
ba
[Kk22] = aaz,
6b

© Numerical Factory
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a
1 1 -1 -1
~1 -1 1
~1 -1 1
1 1 -1 -1
4 2 1 2
2 4 2 1
1 2 4 2
2 1 2 4
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The 1D case: Variational Formulatlon

 Similar to the 2D case, the model equation for the 1D
caselis: _g ( du

= (a@F) + @ = 1)
« If QK =[x, xp], the variational formulation gives:

n TB wk dw
Z [/M Ydr do dz

j=1

ut +ZU aowfwfd:r}u?—/;mf@bfdm—@f=0

du . .
Like in 2D, the term Q = a4 e and because the outer normal orientation, we

k _ du kK _ du . . .
have Q; = —a;— lx=x, and Q; = a4 — |x=x, Notice the minus sign on
the left node.

© Numerical Factory
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The 1D case: Variational Formulatlon

* In compact form:

Eo_ k,1 k.0
K =Ry + Ry

Notice that now these are 1D integrals

TB k d TB T B
K5 = / | L Y] —Ldz, K= / appf Yy de,  Ff = / foy da.

M dx dx M

© Numerical Factory



The 1D Linear element

* Consider now the linear reference element O = [—1, 1].

* The shape functions can be written for § € [—1,1]

1

WO =50-0, O =50+8)

 The idea is to use integral properties to pass every
other linear element to the reference one

* Forageneral element QF = [z4, zg].with z € [z4,zB]

T = Qp(E) m— ¢3k(f):%(f+1)+ﬂjA h = xp — x4
) J— Qﬁkl(x):%(x—xA)—l.

© Numerical Factory



The 1D Linear element

e Therefore:

TR k 1 R
k= [ DD gy o [ o) 2O 2 B 2

W dx dr d¢  hi d¢ hy 2 o3

KE = [ ao@) vk @ @) do = [ ao(a©) wli©ui(© e

—1

with
(1+€).

t\:;lr—L

O =500, v =

© Numerical Factory
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The 1D Linear element

e The constant case:

Consider now the case where a,(x) = a’f, a,(x) = a'()‘, f(z) = fk

' at P d=92h akh
Fokl k0 :/ g ( koo Gol
11 /1 h2 ) d{: 11 B Qg 1 9 d§ 3
1 k k 1 k
k1l _ gkl — a3 hy _ —ap kO _ 7-k,0 _ k (1 — ‘f)(l +f) hy, _ aohk
K3 = Ky —/1 hﬁ Edf— e K5 = Ky —/1% 1 5 dé = 6
1 k 1 2 k
k1 Gl " kO r (L+E)° hy .. aghy
K”_/_ w2 %= K”_/la’” T 2 %=

Ff"’=/ (f”"’ 5) h;dﬁ %fkhk, Fg’“:/ (f""’“g) > £=%f‘€hk.
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The 1D Linear elemerh{u;;

* The constant case:
collecting all the terms we have

K=

|
| 2
== |-
N
|
— —
|
— —
N———
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The 1D Quadratic element

* When we consider quadratic elements, the shape
functions are

ofO =5EE-1,  WFO=0+00-0, O =560+0

 |n the constant coefficient case we obtain:
b 7 -8 1
(K" == -8 16 -8
she \ 1 g 7 0 1
ph= I
6 1

4 2 -1

k

[K’w]:%h’ﬁ 2 16 2
30 | A

© Nume
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Boundary Conditions

* In 2D the boundary conditions (BC) are slightly different.
Balance, of course, applies to interior faces and only the
ones on the boundary have to be consider

1 (specified)

© Numerical Factory
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Boundary Conditions

* The integrals we have to compute are of the form

Q-’EZ/ qniby .
Ik

where T}, is the boundary of the element Q¥ . If we
consider a triangular element

b= [ dotae= [ ek ds+ [ da@ubs)dst [ aks(suks s,
Ik ]_".R Fg

E_— ~k . ko k ik
or i = Wi T Q + Q;ﬁ: with QU - /1 an{S}i‘U{S} dS:
rk
J
( Q{‘j means the flux on node i corresponding to the contribution of edge j )

© Numerical Factory
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Boundary Conditions

* Here «,;(s) and ¥i;(s) are the restrictions of the general
functions to the corresponding edge of the triangle.

* For the shape functions, they can be seen as the 1D
Lagrange’s polynomial associated to the edge

L{‘I(S): _f!f: 1:‘3(5) =0, {fs(S):;—fg:
L.{;I(S):,r_ffa 133(5):1_55! lg;(S)ZG-

1 2
U51(s) =0, V32(5) = 75 Vga(s) =1— 7%

Edge notation:

h]’-‘ is the length of the j-th edge of the triangle

© Numerical Factory e v,
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Boundary Conditions

There are different types of BC, like the following cases:

* In case (a) the BCis only applied to an edge and it is
constant q,. The integral is restricted to

h*
Q‘:" = f qf;i.f“ dl = qD/ 1.5',-'_1‘,!-_‘:1(5) ds. (1=1,2,3).
i rk 0
with
Wh(s) = (1= 3, vh(s) = 3 1, k() = 0.

Computing the integrals we obtain

B B
1 = 115 Qzl 1, Q3 =0.

where

'!b = EQDhla Q;ﬂ = 2"&'0}115

The constant value is distributed between nodes 1 and 2

© Numerical Factory
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Boundary Conditions

* Consider now a linear function applied
From node 2 to node 1. Now @;.1(s) = qos/h}
and

h* Rk
k P8 S L& - k A Lok
1 /.3 R ( h‘f) s=ghe L Qn /.3 O (hf;) 7T g

© Numerical Factory
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Boundary Conditions

 As afinal case now we have de contribution

of the two previous cases. In principle,

+Q133
— Qzl + sz
— ng + an
with
33 — Q31 = 0.

13 = an — ‘i'lh*g /2.

_ 1,
Q11— Ehi"qn,

S 1
Qa1 = Ehi”qﬂ- Q5 = ghlf%
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2D Assembly of element equam’;iaons

* The assembly rules are very similar to the 1D case.

Let’s consider the example-

Although it is not usual,
we can mix different type of
elements:

Triangular + Rectangular

© Numerical Factory
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2D Assembly of element equam’;imons

* The connectivity matrix in this case is not uniform

/ 1 4

5 2

2 O

¢= o 6

4 7

\ 9 6
Triangular

ki1 kiz

K¢ =1|ks1 ki

k3y k3,

© Numerical Factory

ot oo Lo Lo = O

e
ki3
e
k23
e
k33

Co Ot % ¥ ¥ ¥

>, e=1,2,3,4

Rectangular

Ke =

QS QG
2 1
e e e
kll k12 k13
e e e
k21 k22 k23
e e e
k31 k32 k33
e e e
k4-1 k42 k43

kis
k34
k3a |
kia
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2D Assembly of element equations

* The global stiffness matrix is

( Kl + K33 K 0 Ki, K|y + K3 0 0 0 0 \
K2, K2, + K3, K3, 0 K2, + K3, 0 0 0 0
-3 -3 -4 -3 -4 -4
0 K3, Ki,+Kjy 0 K& +Kj K2 0 0 0
K1 0 0 KL + K5 KL + KD K5, Kb, 0
-1 -2 -2 -3 -3 -4 -1 -5 - -4 -6 -5 -5 -6 -6
Ky + Ky K+ Ky Koy + Kyg Ky + K K55 Ky, + K3y Kjy Kig+ Ky Ky
0 0 K3, 0 K} +KS KJ,+KS 0 K8, K,
0 0 0 K3, LK 0 K§, Ky 0
0 0 0 K3, K3, :I&da R,’.%z K3, K3, ::.R'“ I;%l
0 0 0 0 KS, K, 0 KS, KS )

Ks5 = Kg3 + Kiy + K3, + Kiy + Kiy + K5y

© Numerical Factory
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2D Assembly of element equatlons

e Let’s consider a simple example to explain flux
balance and BC for the assembled system [K]U = F + Q.

QQ
ﬂl
(b)
Ky, K U Fy i
JE:SLF'J}I I{%Q + _3,'{'121 JE;{llzi’: I{ES + I{ LTQ — F:El + Flz + QE + Qz
0 K K3 K3 v | T R Q3
I{E}I I{SIE'. + Brgl Ef%ﬁ I{SS + Brgﬁ LT4 F. 31 + F. 32 QS + QS
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2D Assembly of element equations

 Here the balance must be imposed on nodes 2 and 4
remember that Qf‘j means

the flux on node i corresponding to &%/
the contribution of edge j b o

Consider node 2:
Q2 = Q2+ Q1 = (Quy +Q3p + Qa3) +(Q1; + Q1 + Q1) = Qyy + Qa3 + (Quy + Q13) +Q1; + Q1.

by construction we also have @Qj; = @31, =0, therefore

Q. = Q) +@Q?%,., that have to be defined on the BC of the
problem.
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