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Continuum Mechanics

F = Vy(X,)
x = x(X,1)

Undeformed
configuration f,Q'

u(X+dX) = u(X)+du

Deformed
configuration

K(B)

https://en.wikipedia.org/wiki/Finite_strain_theory
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Triangle Elements Visualizer
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Continuum Mechanics

 Fundamental magnitudes:

— Displacements: Motion of each point
u(x) = x(x) —x
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Continuum Mechanics

* Fundamental magnitudes:

— Displacements: Motion of each point
u(x) = x(x) —x
— Strain: Relative elongation (or compression) of

the material.

du
e=¢(x) = o

Elongation _oAL

Strain = =
Crininal Length L
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Continuum Mechanics

 Fundamental magnitudes:

— Displacements: Motion of each point

u(x) = y(x) —x
— Strain: Relative elongation (or compression) of the
material.
du
e=¢(x) =—
dx
— Stress: Force per unit area. A,
o =o(x) Fe—dq > F
Stress, 0 = Force ==
' Cross-Sectional Area A,
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Continuum Mechanics

e Strain — Stress curve: (material behavior)

Strain Hardening Necking
Stress b A—+
<
A ,b‘o\‘
X [
Ultimate Strength
™ Fracture
Yield Strength
T |
Rise
Young's Modulus = Rise = Slope
¢ Run
> Strain

e Linear deformation:

o(x) =C - €(x)
*

© Numerical Factory Linear Matrix depending on the materials
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Plane Elasticity Problems

0, Toz T2 i
-0
3D Stress State Plane Stress
Or Tzy Taz Or Ty 0
a = Tey Oy Tyz —> g = Tey Oy 0
Taz Tz O 0 0 O
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Plane Elasticity Problems

* In both cases the problem is a simplification of the 3D
elasticity problem relating stress (o) and strain (€):
o= Ce
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Plane Elasticity Problems

* In both cases the problem is a simplification of the 3D
elasticity problem relating stress (o) and strain (€):

o= Ce
* For the 2D case:
Ox C11 C12 0 €x
Oy | = ¢C21 €22 O €y
Oxy 0 0 ¢33 2Yxy
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Plane Elasticity Problems

* In both cases the problem is a simplification of the 3D
elasticity problem relating stress (o) and strain (€):

o= Ce
* For the 2D case:
Ox C11 C12 0 €x
Oy |=|c1 €2 O €y
Oxy 0 0 ¢33 2Yxy
Here €, = Z—z , €y = Z—;, Yay = g;‘ + ZZ being

u(x, y) the displacement function.

© Numerical Factory



UNIVERSITAT POLITECNICA DE CATALUNYA
BARCELONATECH
Escola Técnica Superior d'Enginyeria

lona

Industrial de Barcelon

Plane Elasticity Problems

To describe the 2D elasticity problems, we consider two main situations
according to the domain geometry:

Plane Strain problems: when the thickness is very large compared to the
section area. It is like to study only the 2D section of a 3D domain.

* Plane Stress problems: when the thickness is small compared to the
section area. It is like study a 2D domain with thickness.

T0'22

e 021

g11

J12

T\gn
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Plane Elasticity Problems

E Young modulus
v Poisson’s ratio

© Numerical Factory

O_x Cll
Oy | =| €21
Oxy 0

Plane stress (t;,)

E
C11—C22—1_V2

C12 = C21 = V(11
E

BT +v)

0 €x
0 €y
€33/ \Vxy

Plane strain (t, = 1)
E(1—-v)

‘1T 2 T T - 2v)
vV

Ci12 = C21 = 1 C11

R
B3 T2 +v)

—V



UNIVERSITAT POLITECNICA DE CATALUNYA ‘s.g‘h.gd

BARCELONATECH %:@:‘\;
— P - D &

Escola Técnica Superior d'Enginyeria =

Industrial de Barcelona

FEM FOR PLANE ELASTICITY
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FEM Plane Elasticity Problems

Degrees of freedom

For each node (x, y) we have two possible
displacements (u,, u,) = (u,v)

© Numerical Factory

u=u(x,vy),

v=v(xYy)




FEM Plane Elasticity Problems

Model equation system u = u(x,y), v =v(x,y)
(0 ou ov 0 ou ov\ r
3. \ g + 012@ "oy C338_y + Casg— | = Fa

O (oY O ou o
L 09z \ oy T Pon dy 25z c”ay = Iy,

For an isotropic material

Plane strain
E(1-v) Ev E(l1-v) E
p— p— p— C p— p—
MET w2 T I (1—v—202) =0 2(1+v)
Plane stress
E Euv c G E
C j— C j— 3 c j— s j— j— .
11 22 1— .2 12 1 2 33 2(1 n 1/)
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TRIANGLE PLANE ELASTICITY
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Plane Elasticity: Engineering Notation

* For triangle elements, according to the interpolation
expression

u =106 y)u; +Po(x, y)uz + P3(x, y)us

v =190, y)vy +YP(x,y)v, + YP3(x,y)v3

We can also write it in matrix form:

0 0 0
(11/7‘)2(1%1 Y4 1162 g 1/63 1/J3) v,

© Numerical Factory



Now the strain is expressed as

EANEEE A
ov 51/11 awz 51/)3 U,
(%

= 0 0

dy dy ay Ay
0u+0v 0y, 0y, 0Y, 0y, Y3 81/J3/ \u;;/
dy ax/ dy odx Jdy Jdx Jdy Ox

\ J \ J \ J
| | |

B, B; B

Or in compact notation
€ = (By,B,,B3)u = Bu
and we have already the stress-strain relation
g = Ce = CBu Stress - displacements

© Numerical Factory



Stiffness Matrix

* From the weak form we obtain (t;, = thickness)

K¢ = ﬂ BTCB t;, dQ
Qe

gl —

(x y)dxdy
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Stiffness Matrix

* From the weak form we obtain (t;, = thickness)

K¢ = ﬂ BTCB t; dQ
Qe

That can be also written as:
BT
1

Ke — j:] Bg C (Bl,Bz,B3)th dQ
Q€ BT
3
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Stiffness Matrix

* From the weak form we obtain (t;, = thickness)

K¢ =U BTCB t;, dQ

That can be also written as:

Ke — jj T C (Bl'BZIBB)th d.Q.
ﬂe

3
BICB, BiCB, B{CB;

ﬂ BIcB, BICB; |t, dQ
0 - BICB;
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Stiffness Matrix

* From the weak form we obtain (t;, = thickness)

K¢ = ﬂ BTCB t;, dQ
Qe

That can be also written as:
BT
1

Ke — ff Bg C (Bl,Bz,B3)th d.Q.
0e€ BT
3
BIfCB, B{CB, B{CB;
K¢ = f f BICB, BICB; |t dQ
PN\ sym BICB;

Or by components Kii' — [[ B;TCBJ th d() 2X2 matrix
Qe

© Numerical Factory
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Constant-Strain Triangular elements (CST)
(Linear Triangle Elements)

0Yi _ Bi  0%i _ ¥i
0x 24, 0y 24,

In the case of triangles

0y, 0y, 0y
/ dx 0 0x 0 \
a 0 9
ay dy dy

P, 0Py 0P, 0y, dP; Y3
dy 0x dy 0dx dy 6x/

L (B0 B 0 B3 0
=7 0O v+ 0 y2 0 3
e \v1 P1 v2 B2 V3 Ps3

B
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CST Elements
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* Due to the linearity of the elements shape functions, B is a
constant matrix and then

€ = thAeBTCB

is also a 6x6 constant matrix.
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Constant-Strain Triangular elements (CST)
(Linear Triangle Elements)

Or using the 2x2 matrices
C12 0 1 ﬁ] 0

1 _ N\ [ €11
Kiejzﬂ ('Bl ’ yl) €12 €2 0 0 ¥ |tpdT
Te 2Ae 0 4 :Bi 0 0 C33 Vi IB
J PJ

Ki1i Ki» Kis
K, = Kzel Kzez Kze3
K31 K3 Ks3
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CST Elements

 Example: For the reference triangular element

If we consider all the elements of C equal 1 we obtain

1 1 —-1/2 -1/2 -1/2 -1/2
/ 1 1 —1/2 —-1/2 -1/2 -1/2
~1/2 -1/2 1/2 0 0 1/2

~1/2 -1/2 0 1/2 1/2

0
~1/2 -1/2 0 1/2 1/2 0 /
~1/2 -1/2 1/2 0 0 1/2
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Element Equations

Element System
Kéu = F°® + Q°¢

* Body internal forces: F°
By definition

Fe = [f . Pfy hdQ

where f;, means body internal force. Usually body
forces are uniformly distributed so f; is constant at
each node.
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Therefore f; is a constant initial value (many times f;, = 0)

o [ v () et

For a triangular element:

i
=k
f Ox
¥
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Element Equations

Therefore f; is a constant initial value (many times f;, = 0)

= fle

For a triangular element:

© Numerical Factory

0
fbx

0
fby

\
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foy
fox
foy
fox

0
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Element Equations

Boundary conditions:

Essential BC: Usual values are displacements u; = 0 or
v; = 0 for some of the boundary nodes.

© Numerical Factory



Element Equations

Boundary conditions:

Essential BC: Usual values are displacements u; = 0 or
v; = 0 for some of the boundary nodes.

Natural BC: The applied loads in a boundary element
implies to compute vector Q€. These are named surface
tractions (tx, ty) and their computation involves the
evaluation of line integrals.

0= ¥ () as

© Numerical Factory
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Plane Elasticity Problems: Triangles

* Boundary Conditions: We will consider two cases
(for edge 2-3):

Linear Load

e Constant Load
o
o

.

(negative sign against normal direction)

© Numerical Factory
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Plane Elasticity Problems: Trlangles

11// Constant Load
l/zl// Like in the FEM2D boundary conditions examples, you have
/ to express the traction force as a 2D vector t = (tOx, tOy)

and then these constant values are averaged on the two
nodes involved.

k

k __ h
Q{2—3} - 72 (0,0, Loxs tOyr Lox) tOy)

Analogously
k __hf
Q{l—z} - 71 (tOx: tOyr Lox» tOyr 0,0)

K _ _h§
Q{S—l} - 5 (Tox tOyr 0,0, tox, tOy)

© Numerical Factory
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Plane Elasticity Problems: Triangles

Linear Load

Like in the FEM2D boundary conditions examples, you have
to express the traction force as a 2D vector t = (tOx, toy)
and then these constant values are weighted on the two
nodes involved.

K ns
Q{2—3} =% (0,0,2¢0y, 2toy, tox tOy)

Analogously

k hf
Q{l—z} — T % (2o, 2tOy: tox, toy» 0,0)

Kk nf
Qz—13 = =~ (tox toy, 0,0, 2toy, 2toy)

© Numerical Factory
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Plane Elasticity Problems: Trianéles

« PostProcess: Strain

Remember that strain is defined as
[ 5
0x
ov
dy
ou 0dv
ay " ox
Then strain in x and y coordinates can be obtained from

this product.

© Numerical Factory
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Plane Elasticity Problems: Trlangles

e PostProcess: Stress
Remember that stress is defined as

O-xx
g = <Uyy> = Ce = CBu

Ty
The principal stress are defined as the eigenvalues of o, they are denoted as
(04, 07) respectively.

Oxx + Oyy T \/ (axx — ayy) + 4Txy

2
Moreover, the Von Mises stress value is also used to represent stress in each
element

012 =

— .2 2 2
oyy = \/O'xx + 0y — OxxOyy + 375,

© Numerical Factory



Example:

Consider a rectangular piece of

120 X 160mm and thickness t;, = 0.036mm. It is
fixed to the wall (left) and pulled by a constant
traction 7, =1000N/mm.

Compute the displacements if the material
properties are E = 30 - 10°N/mm? and v = 0.25

© Numerical Factory
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Example:

I
w
ﬁ

o

Nodes: (0,0), (120,0), (120,160), (0,160)

/
Elem:[1,2,3; 3,4,1] ;
/
Plane stress ;
C11 C22 1 — ’Vz 3 06 + 6 g
Ci1p = Cr1 = V(11 = 8.0e + 6 ?
d Z
Can =— =12+ 6
32014+ v)
7.68 0.00 -7.68 144 0.00 -1.44\ BC:
0.00 2.88 2.16 -2.88 -2.16 0.00 Uy = Uy =
K =105 -7.68 2.16 9.30 -3.60 -1.62 1.44 Ugy = Ugy =0
e 1.44 -2.88 -3.60 7.20 2.16 -4.32 Loads:
0.00 -2.16 -1.62 2.16 1.62 0.00
k1.44 0.00 1.44 -4.32 0.00 4.32 / Qox = - 1000

1
© Numerical Factory Q3x = ——-1000
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Example:

I
w
ﬁ

o

/
/
/
/
93 -36 —162 14.4\ [Yx 1000\ 7
+ —36 72 21.6  —432\[ %2y | _gn. [ O s
0 _162 216 93 0 use | =89 1000 -~
144 —43.2 0 72 Usy 0 g
/

1 2

Desp. X 107

Solution: u, = (1.1291e — 01, 1.9637e — 02)
u; = (1.0113e — 01, —1.0800e — 02)

© Numerical Factory
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QUADRILATERAL PLANE ELASTICITY
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Plane Elasticity: Quadrilateréis

* For quadrilateral elements, according to the interpolation
expression

u =110, y)u; + (%, y)uy + P3(x, y)us + Pa(x, y)uy
v =191, )V +Yo(x,Y)v; + P3(x,¥)03 + Pu(x, y) v,

We have analogous terms like in the triangle case:

v

0 0 0 0
(u)_(%l P 1%2 W, 1153 1/)3%4 ¢4) 0

© Numerical Factory
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Plane Elasticity: Quadrila’"cu;rals

e Strain
251
0 0 0 9 9
/_u\/ﬂo A ﬂo\/vl\
ox ox ox Ox Ox "
0 d G 9 9
€ = e =1 0 ﬂ 0 ﬂ 0 ﬂ 0 ﬂ ()
dy dy dy dy dy Uz
a_u_l_a_v oY, oY, JY, 0P, 0Ys; JYs; JIY, alp4/ 53
dy 0Ox dy O0x dy Ox Jdy Ox Oy Ox \v: /

Or in compact notation
€ = (Bl,Bz,Bg,B4_ )u — Bu

© Numerical Factory
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Plane Elasticity: Quadrila’"cu;rals

From the weak form we obtain

K¢ = ﬂ BTCB t,, dQ
Qe

Each component K = [f . B{ CB; t; dQ is a 2x2 matrix defined as

. 0; 0y L 0; 0Y; . 0P, 5¢j+c 0y; 0Y;

Ke — ﬂ 1 9x ox 39y 9y 4 9x Oy 33 9y ox

T Jge 0; 0y 0p; 0 0p; 0y 0y; 0Y;
C33 T C33 + C22

dx Jy dy 0x dx 0x dy dy

t, dQ

K = K; symmetric.
. e . . .
Obs: The integral K;; is computed numerically using the
change of variables for derivatives into the reference

element.
© Numerical Factory
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Plane Elasticity: Quadrllaterals

Once we know how to compute the stiff matrix, then we

need the rest of the terms of the element equation
K®u = F¢ 4+ Q°
Body Forces: F°

By definition F¢ = [f . Wf, t,dQ where f, means body

force. Usually body forces are uniformly distributed so f;, is
constant at each node.

© Numerical Factory
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Therefore f, is a constant initial value (many times f;, = 0)

e _ f bOx
el (fé}) Fndth
f bOx
f boy\
f bOx
Ae th f bOy
4 f bOx
f bOy

0
\f bx / p density

fboy g gravity

When self-weight is considered (fbox, fboy) = (0, —pg)

© Numerical Factory
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Plane Elasticity: Quadrila’"cu;rals

4 3
* Boundary Conditions: We will consider o
—>
two cases (for edge 2-3): g _
/
= Constant 7 g O
e _— >
/
K __nh “ —
Q{Z—B} - 72 (0’0! Lox) tOy; Lox) tOyt O;O) ; - —>
1
" LinearTt 4
0 ) s L
; >
k _ hy ~ -
Q{Z—S} — 6 (O'O'ZtOx' ZtOyl Lox» tOy; O:O) % QK —
g s
7 — >
g —>
/1 >
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